Abstract. This is the second in a sequence of papers on the geometry of spaces of minimal-dominant rational curves on a smooth complete intersection X ⊆ P n C . For a smooth complete intersection X, we consider a general fiber F of the following evaluation map ev of Kontsevich moduli space
Introduction
There is a well-developed analogue of path connectedness: A nonempty, projective, complex variety is rationally connected if each pair of closed points is contained in a rational curve, cf. [18] . In the paper [6] , A. de Jong and J. Starr introduce a notation of rational simple connectedness and strongly rational simple connectedness. They prove that low degree complete intersections are (strongly) rationally simply connected. and X is not a quadric hypersurface.
One motivation of proving a projective variety to be strongly rationally simply connected is due to a beautiful theorem of B. Hassett relating the strongly rational simple connectedness to weak approximation, namely, Theorem 1.2. [6, Page 4, Theorem 1.4]Let K be the function field of a curve over an algebraically closed field of characteristic 0. A smooth, projective K-scheme X satisfies weak approximation if the geometric generic fiber X K K is strongly rationally simply connected.
Let X ba a smooth complete intersection variety. Suppose X is neither a linear variety nor a quadric hypersurface. In the paper [ is dominant. Suppose the fiber F is a general fiber of the evaluation map ev. The fiber F parameterizing the m-minimal dominant curves is a smooth projective variety, c.f [6] . In the paper [6] , A. de Jong and J. Starr only use the fact that the fiber F , when m = 2 and X is low degree complete intersection, is Fano to prove their main theorem 1.1 . In M. Deland's thesis, see [7] , he proves that a smooth cubic hypersurface in P e is strongly rationally simply connected if e is at least 9. He claims that e ≥ 9 is the best bound. But he did not give a proof about this claim. So it is quite interesting to consider the folowing question. Question 1.3. Let F be a general fiber of the evaluation map
Is the fiber F corresponding to a smooth cubic hypersurface X 3 in P 8 rationally connected?
In general, we can ask a more general question as following: Question 1.4. Is the smooth projective variety F rationally connected if X is a low degree complete intersection?
It is the lack of studying rational connectedness of the moduli space F. This paper completes the studying of this direction.
On the other hand, there is an interesting question arising from enumerative geometry. Question 1.5. How many twist cubics passing through three general points on a complete intersection X if the number of these twist cubics is finite?
In the paper [2] , A. Beauville answer this question by using quantum cohomology. The answer gives a little bit information about the cycles and their intersection numbers of the general fiber F when m = 3. But what is a geometrical reason behind this answer provided by A. Beauville? Another motivation of studying F is to search examples of 2-Fano variety. In the paper [5] , it introduces a new notation of higher Fano variety which generalizes Fano varieties, namely, 2-Fano, c.f [5] for the definition. Unfortunately, there are a few 2-Fano examples which are known. The main examples are (1) low degree complete intersections, (2) some Grassmannians, (3) some hypersurfaces in some Grassmannians.
See [5] and [1] for the details. Theorem 1.4 in [1] states that a polarized minimal family of rational curves passing through a general point x in a smooth projective variety Y is 2−Fano variety if the variety Y is 3-Fano. It suggests that some moduli space of rational curves on a n-Fano complete intersection variety of X are (n − 1)-Fano. Therefore, when X is a low degree complete intersection, the smooth variety F is reasonable to be a candidate for a 2-Fano variety. It is quite natural to asking the following question. Question 1.6. Is the smooth variety F is a new type (different from the known 3 cases above) 2-Fano variety if X is a low degree complete intersection(like 3-Fano)?
For m = 1, the answer is negative. In this case, even though the smooth variety F is 2-Fano variety, it is a complete intersection, see [4, Page 83 , (1) ]. For m = 2, the main theorem of the paper [23] still gives a negative answer to this question. The main theorem of this paper also gives a negative answer for m ≥ 3.
For a moduli space, we can ask the following question:
Question 1.7. What is the Picard group of F?
At the end of this paper, we prove that the Picard group of F is finite generated and it rank is at least 2 if m is at least 4.
In summary, the motivation of this paper is to study the moduli space F which parametrizes m-minimal dominant curves passing through m general points on a complete intersection for We state our main theorem of this paper. Let the natural forgetful functor be F : F → M 0,m . For a general point t ∈ M 0,m , we have a line bundle λ| Ft on the fiber F t of F over t whose corresponding complete linear system |λ| Ft | of λ| Ft defines an embedding |λ| Ft | : F t → P N = P n−m(c−1) .
Via this embedding, the smooth variety F t is a complete intersection in P N of type
Structure of Paper. In Section 3, we give an example to illustrate the main theorem. In Section 4, we provide necessary preparations. In Section 5, we classify all the possibility of the degeneration types of stable maps with arithmetic genus 0 passing through m general points, roughly speaking, the components of stable maps corresponding points in F are rational normal curves. The argument is elementary but very delicate. In Section 6, we discuss some geometry properties of rational normal curves, the main tools are a theorem due to Z. Ran to analyze the normal bundles of rational normal curves and theory of Hirzebruch surface. In Section 7, we use the results in section 5 and 6 to give a deformation argument for showing that we can naturally embed F into a projective space by using a natural linear system. In Section 8, we use an idea following from the paper [17] to interpret the moduli space F t as constructed by blowing up. In this way, we prove some cycle relations on the moduli space F t . In Section 9 and 10, we prove the main theorem of this paper and give some applications to questions arising from rational simple connectedness, enumerative geometry and the Picard group of moduli space.
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Setup
We work over the complex numbers C. Suppose X is a projective variety in P n , the Kontsevich moduli space M 0,m (X, e) parameterizes data (C, f, x 1 , . . . , x m ) of (i) a proper, connected, at-worst-nodal, arithmetic genus 0 curve C, (ii) an ordered collection x 1 , . . . , x m of distinct smooth points of C, (iii) and a morphism f : C → X whose image has degree e in P n such that (C, f, x 1 , . . . , x m ) has only finitely many automorphisms. There is an evaluation morphism
The Kontsevich moduli space M 0,m (X, e) is a Deligne-Mumford stack, we refer [3] for the construction. Let n, m, c, d 1 , . . . , d c be numbers such that n, m, c, d i ∈ N, n ≥ m ≥ 3, c ≤ n, and d i ≥ 2. Let X be a smooth complete intersection of type
Let the points p 1 , . . . , p m be points on X in general position (see [13, Page 7] for details) and F be the fiber ev −1 (p 1 , . . . , p m ) such that F is a general fiber of the evaluation map ev.
In this paper, we fix the notations n, m, d i , c, ev, p i , X and F. We also assume X is not a quadric hypersurface in P n .
Example
Example 3.1. Suppose a non-singular projective variety X 22 is a complete intersection of two quadric hypersurfaces F 1 and F 2 in P n . We consider a general fiber F 3 of the evaluation map,
where F 3 is over (p, q, r). Since the intersection of F 1 and F 2 on the P 2 = Span(p, q, r) is four points, we can assume the fourth point differ from p, q, r is w. Since p, q, r are general points of X 22 , we can assume w is a general point.
Suppose (C, f, x 1 , x 2 , x 3 ) is a point in F, hence, the projective space Spanf (C) is P 3 . The intersection of X 22 and Spanf (C) is a curve of degree 4 containing f (C), hence, the residual curve is a line passing through w, i.e, Figure 1 where l is a line and w ∈ l.Conversely, give a line l on X 22 passing through w, we can span l and p, q, r to get a P = P 3 . Since the intersection of X 22 and P is a curve of degree 4 containing l, the residual curve f (C) is a curve passing through p, q, r of degree 3. Therefore, we can associate to the line l a point in F 3 corresponding to the curve f (C). It is easy to see it is an one to one correspondence, hence, F 3 ∼ = F 1 = the space of line passing through w where F 1 is the fiber of ev 1 over w,
By [4, Page 83(1)], the fiber F 1 is a complete intersection of type (2, 2) in P n−3 . Therefore, the fiber F 3 is a complete intersection variety of type (2, 2) in P n−3 .
Preliminary
Lemma 4.1. [6, Lemma 5.1] With the notations as in Section 2, if every point in a general fiber of ev parametrizes a curve whose irreducible components are all free, then a (non-empty) general fiber F of ev is smooth of the expected dimension,
and the intersection with the boundary is a simple normal crossings divisor. 
in P n (it could be a quadric hypersurface) and dim X = n − c ≥ 1, we have that
Proof. Since X is a complete intersection of type (d 1 , d 2 , . . . , d c ), we have the following exact Koszul complex,
We split this long exact sequence to short exact sequences,
) on these short exact sequences, by syzygy and d i ≥ 2, we have
Hence, we have that H 0 (P n , I 1 (1)) = H 1 (P n , I 1 (1)) = 0, which implies 
where I X is the ideal sheaf of X. It means that no linear form is vanishing on X, i.e, the variety X is not in any hyperplane.
Corollary 4.5. If n ≥ m, then we can choose general m points in X ⊆ P n such that they are in general position.
Proof. We pick up a general point in X first. Secondly, we pick up the second general point and get a line by spanning those two points. By the above lemma, we can pick up the third general point which is not on this line. Since n ≥ m, we can process in this way to produce m general points of X which are in general position by Corollary 4.4. 
Excluding the following cases, the map Φ is a morphism.
where λ is a divisor on F. 
In particular, the map Φ is not always defined on entire F. In fact, it is a rational map and the dimension of indeterminate locus of Φ does not exceed the dimension of Y .
In the paper [6] , the hypothesis 6.3 excludes the cases
Therefore, when we exclude these cases, the dimension of Y is negative, i.e, Y = ∅, hence, the map Φ is a morphism. associate to a point (C, f, x 1 , . . . , x m ) ∈ F a point (C , x 1 , . . . , x m ) ∈ M 0,m . We refer the detail to [8] .
Lemma 4.9. Let (C, f, x 1 , . . . , x m ) be a stable map corresponding to a point in F. The domain C consists of a comb with m rational teeth and the map f collapse the handle and maps the teeth to lines meeting at a point in X.(For the notations, see [18, page 156, Definition 7.7] ). We call this map is of maximal degeneration type. Then we have that the forgetful morphism F has a section σ.
Proof. We describe the section σ pointwise. From the hypothesis, there are m lines l 1 , . . . , l m in X, they pass through m general points p 1 , . . . , p m and intersect at a distinct point q ∈ X. We denote pairs (l i , p i ) where p i ∈ l i . Let (C, x 1 , . . . , x m ) be a point in M 0,m . By the [3, Theorem 3.6], there exist a stable map as following:
where the domain C ∪ l 1 ∪ . . . ∪ l m is union of C and l i with identifying x i with p i and the map f is an identity on each l i and collapse C to the point q. The section σ associates to a point (C,
It is easy to check it is a section of F. 
where Y is a normal variety, the morphism h is finite over M 0,m , the section σ is a section of F in Lemma 4.9 and the fibers of s is connected. Therefore, the composition of σ and s is a section of h. Since h is a finite morphism between two varieties, the composition s • σ is an isomorphism, i.e, the variety Y is isomorphic to M 0,m . We get the first assertion. By the generic smoothness theorem, we have the second assertion.
Lemma 4.12. We have the following diagram
Suppose X is not a quadric hypersurface, the restriction map Φ| Ft is a morphism when t is a general point of M 0,m .
Proof. By Remark 4.7, the dimension of the parameter space Y parameterizing stable maps of degree m which map into the intersection
Since the dimension of M 0,m is m − 3, for a general point t ∈ M 0,m , the general fiber F t does not intersect Y . Therefore, the indeterminate locus of the rational map Φ does not intersect F t , i.e, the restriction map Φ| Ft is a morphism.
A geometric interpretation of Lemma 4.12 is following corollary.
Corollary 4.13. Suppose X is not a quadric hypersurface, for the fiber F t corresponding to general k points (k ≤ n) of X, we have that a stable map of degree k (corresponding to a point in F t ) spans a projective space P k .
Proof. It is just a geometric interpretation of the well-defined locus of the map Φ in the Lemma 4.12.
Since we have following diagram,
it induces a map f * Ω X → Ω U , where U is the universal bundle and σ i is the universal section induced by the i − th pointed point of the universal bundle. Since there is a canonical map Ω U → Ω U /F , the composition of these two maps gives f * Ω X → Ω U /F . It induces a morphism.
i Ω U /F Since the image of σ i is in the locus of the smooth point of π and the composition f • σ i is a constant map with value p i , it gives a map
is the dualizing sheaf of π. It is easy to see it is surjective, i.e, the map f is unramified. Hence, this map gives the following morphism π pi . Definition 4.14. We define a morphism
In fact, if it is not the case, the degree of
Lemma 4.16. If the map Φ is well-defined on F, then we have that
Similarly, if the map Φ| Ft is well-defined on F t , then we have that
Proof. The statement is clear from the following commutative diagram:
where L is a projection map as following,
The indeterminate locus of L is the points in P(T pi X) which can be represented by a nonzero vector − → v ∈ T pi X lying in 
Classification of Degeneration Type of Stable Maps
In this section, we suppose that X ⊆ P n and n ≥ m as in the Section 2, by Corollary 4.5, we can choose m general points in X which are in general position.
Lemma 5.1. A reduced curve C in P n which passes through m points in general position has degree is at least m − 1. The equality holds iff the curve C ⊆ Span(p 1 , . . . , p m ) = P m−1 and C is a rational normal curve in Span(p 1 , . . . , p m ).
Proof. Since Span(p 1 , . . . , p m ) ∩ C contains m points, by the intersection theory, the curve C ⊆ Span(p 1 , . . . , p m ) = P m−1 if the degree of C is m − 1. Hence, by [11] , the curve C is a rational normal curve in Span(p 1 , . . . , p m ).
Suppose the degree of C is at most m − 2, the points p 1 , . . . , p m−1 span a P m−2 and the intersection of P m−2 and C contains m − 1 points, therefore C ⊆ P m−2 . But p m ∈ C is not in the Span(p 1 , . . . , p m−1 ). It contradicts.
Proposition 5.2. We exclude the following cases:
(
where C i is a rational normal curves of degree n i , (2) there are n i distinct points among points {p 1 , . . . , p m } on C i and union of these points is the points {p 1 , . . . , p m }, in particular,
Moreover, if the complete intersection X is not a quadric hypersurface, then , for a point (C, f, x 1 , . . . , x m ) ∈ F t and t is a general point ∈ M 0,m , then the same statement holds for f (C). Proof. Let k be an integer such that 1 ≤ k ≤ m. Suppose S is a general fiber of the evaluation map as following:
We can assume the map ev is dominated, otherwise the fiber S = ∅. Therefore, stable maps in the general fiber S is unobstructed by [18, Theorem II.7.6], i.e, the Kontsevich moduli space M 0,k (X, k − 1) is smooth and of expected dimension at the point of S. Therefore, by the dimension calculation, we have that
If dim S ≥ 0, then we have that the numbers c and d i are one of the following cases:
Since we have 1 ≤ k ≤ m and the hypothesis of the proposition excludes these cases, the dimension of S is negative. Hence, we have that S = ∅. In other words, for k general points in X, there is no stable map of degree k − 1 whose pointed points on the domain are mapped to these k general points respectively. By Lemma 5.1, every reduced curves on X passing through k general points is of degree is at least k. Suppose that
where C i is a reduced curve with k i distinct points among the points {p 1 , . . . , p m }.
Hence, by deg f (C) = m and
the spanning space Span(C i ) is a projective space P si with s i ≤ k i . In fact, we have an equality s i = k i , otherwise, the spanning space Span(f (C)) = Span(C 1 ∪ C 2 ∪ . . . ∪ C k ) is a projective space P l with l ≤ m − 1. Therefore, C i is a rational normal curves of degree k i with k i points among the points {p 1 , . . . , p m }. It proves the first assertion.
If f (C) = C 1 ∪ C 2 ∪ . . . ∪ C m and p i ∈ C, then it is easy to see C i is a line. Therefore, to prove the second assertion, we can suppose f (C) has at least two irreducible components, namely, the image f (C) of the stable map is equal to A ∪ B where there are l(≥ 2) distinct points among the points {p 1 , . . . , p m } on B and the curve B is irreducible. I claim that for general l points on X, there is no stable map (C, f,
by the dimension calculation of S as above and the dimension of M 0,l = l − 3, the claim is clear since the dimesion of S is less than the dimension of M 0,l .
Therefore, if the degree of B is less than l, the degree of B is l − 1 by the first assertion of Lemma 5.1. But according to the claim above, it is impossible if t is a general point in an open set V of M 0,m , where V satisfies the following diagram,
The morphism π is the forgetful functor to forget points, therefore , the degree of B equals to l. By induction of the degree of A, we get the proposition. For the general fiber F t , the proof is similar.
If X is not a quadric hypersurface, then we have
(1) the curve C = C 1 ∪l 1 . . .∪l k where C is a comb with handle C 1 and teeth l i . Moreover, the pointed point x ji is on l i and the rest pointed points among the points {x 1 , . . . , x m } are on
. . , x m ) ∈ F t is an embedded curve. See the following figure.
Remark 5.4. For the case k = m, it may be that the stable map f collapses the handle C 1 to a point p and maps the tooth l i isomorphic to a line passing through p and p i .
Proof. Since a point t ∈ M 0,m is general, the image F (C, f, x 1 , . . . , x m ) corresponds to a smooth rational point with m pointed points. Hence, the stabilization process of the forgetful map F ensures the first assertion, namely,
The second assertion is due to the previous proposition. Definition 6.1. Suppose C is a smooth rational curves and C ⊆ P n , by the Grothendieck theorem, the normal bundle of the rational curve C is
with a 1 ≤ a 2 ≤ . . . ≤ a n−1 . We call the rational curve C is almost balanced if a n−1 − a 1 ≤ 1.
In the paper [21] , Z.Ran gives a careful analysis about the balanced property of rational curves in the projective space. We cite one result from the paper [21] .
Corollary 6.3. If C ⊆ P n is a rational normal curve, then the normal bundle is
Proof. Since we have two short exact sequences
we have degree equalities,
Suppose a 1 ≤ a 2 . . . ≤ a n−1 , since every rational normal curve is projectively linearly isomorphic to each other, by the theorem above, the rational normal curves are almost balanced a n−1 − a 1 ≤ 1, hence, we have the equality a i = n + 2.
Proposition 6.4. Suppose two curves C, C ⊆ P n are rational normal curves and p 1 , . . . , p n are n points in general position, if C and C satisfy the following conditions,
(1) both curves C and C pass through points p 1 , . . . , p n (2) T pi C = T pi C for all i where T pi is the tangent direction of C at point p i , the similar for C , then we have that C = C .
Proof. We prove it by induction. Take n=3 first, we project C and C from p 1 to a plane P 2 and denote this projection by π. Hence, the image π(C) and π(C ) are conics passing through the point Q = π(p 1 ) = T p1 C ∩ P 2 . They are tangent to two distinct lines l 1 = π(T p2 C) and l 2 = π(T p3 C). It is obvious that Q is neither on these two lines. By an elementary calculation, there is a unique conic S passing through Q and with tangent lines l 1 and l 2 . In fact, any conic which is tangent to x 0 = 0 and x 1 = 0 can be described by an equation
where a and b are determined by the coordinates of Q. By the discussion above, we know that C, C ⊆ ConeS where ConeS is the projective cone of S which is a singular quadric with the singular point is p 1 . For the point p 2 , we have the same conclusion which implies that C and C are in another singular quadric ConeS . Therefore,
Since the intersection of ConeS and ConeS is a curve of degree 4, we have that C = C .
Suppose for n = s ≥ 3 the proposition holds. When n = s + 1, as n = 3, we project the curves C, C from the point p 1 to a hyperplane P s , the projection is denoted by π. The projections π(C), π(C ) ⊆ P s are rational normal curves of degree s with the same tangent direction π(
We blow up the unique singular point p 1 of ConeD, by [15, Chapter IV],
where B is the curve class of section σ(P 1 ). It is unique among the curve classes satisfying the self-intersection equal to −s. Let f be a fiber of pr. See the following figure. where C and C are proper transform of C and C respectively. In fact, we can assume that C = aB + bf , since Bl( C) = C, we have that
The second equation is due to the projection formula, see [9, Chapter 8] . Hence
It is obvious that B and C is transversal at a point. Therefore
hence, the similar argument works for C , the claim is clear.
By the claim, we have that
Since C and C are tangent at p 2 , . . . , p s+1 and intersect with B at the same point, if C = C , then we have that
It contradicts. Hence, we have that
If C is a rational normal curve of degree m in P m , then any m + 1 distinct points on C are in general position.
Proof. It is a direct calculation on standard rational normal curve, see [ 
for any distinct k points Q 1 , . . . , Q k on C, then it implies that l is great than k.
Proof. Since Span(C) is a projective space P m and Span(p 1 , . . . , p m , T pi C) is tangent to C, we have
, it has a contradiction with degC = m. Since Span(Q 1 , . . . , Q k , T Q1 C, . . . , T Q k C) contains k points and at least one tangent direction of C, similar as above, we have
k , by Lemma 6.5, Span(Q 1 , . . . , Q k , T Q1 C, . . . , T Q k C) and those m − k − 1 points on C span a projective space P m−1 . Hence, we have
It contradicts. Hence, we have l is great than k.
Definition 6.7. Suppose X is not a quadric hypersurface, we call two points in F t (C, f, x 1 , . . . , x m ) and (C , f , x 1 , . . . , x m ) are of the same degeneration type if it satisfies the following property:
x i is on the handle of C iff x i is on the handle of C .
Lemma 6.8. Excluding the case c = 1, d 1 = 2 and suppose that stable maps
. . , x m ) for all i, then C and C have the same degeneration type.
Proof. The condition
By Corollary 5.3, we can suppose that
where 0 ≤ k, s ≤ m, the components C 1 , C 1 are rational normal curves and the components L i , L i are lines. In the maximal degeneration case (i.e. k = m in Corollary 5.3 ), the curve C 1 or C 2 could be a point, but the argument in this case is trivial. Suppose the curve C is smooth, by the second assertion of Lemma 6.6, the curve C is smooth, i.e, s = 0. Hence, we can suppose the numbers k, s are at least
We can take out the L 1 = L 1 from these two stable maps and use induction to prove the assertion.
Therefore, we can assume that the curve
We can assume the intersection C ∩ C is a set of points {p 1 , p 2 , . . . , p m−s−k } ⊆ {p 1 , . . . , p m }. By Corollary 5.3, we have that
Since the curve C 1 contains the points {p 1 , . . . , p k }, we have that Span(C 1 ∪ C 1 ) = P m . Therefore, it concludes that
By Lemma 6.6, if m − s − k is at least 2, then we know that
It is a contradiction. Hence, we have m − s − k is at most 1. If m − s − k = 0, then the intersection SpanC 1 ∩ SpanC 1 is a point. Since the curve C 1 contains the points {p 1 , . . . , p k }, the spanning space SpanC contains L 1 , . . . , L k . Since the lines L 1 , . . . , L k intersect C 1 at k points, it implies that k is equal to 1. By symmetry, we also have that s = 1. Therefore, it concludes that m is equal to 2. It is a contradiction.
If m − s − k = 1, then the intersection SpanC 1 ∩ SpanC 1 is P 1 . It also implies that the intersection C 1 ∩ C 1 is a point. I claim that the space SpanC 1 intersects C 1 at exactly two points and one of them is C 1 ∩ C 1 .
In fact, if the projective space SpanC 1 intersects the curve C 1 at least 3 points, by Lemma 6.5, the intersection SpanC 1 ∩ SpanC 1 contains a projective plane P 2 . It is impossible, so the claim is clear.
Since the lines L 1 , . . . , L k (⊆ SpanC 1 ) intersect C 1 at k points. Since there is no point of the intersection C 1 ∩ C 1 which belongs to these k points, it implies that these k points are other points of SpanC 1 ∩ C by the claim. Therefore, we have that k is equal to 1. By symmetry, it implies that s = 1. Therefore, we have m = 1 + k + s = 3. In this case, by some elementary analysis of the degeneration type, it is obvious that they have the same degeneration type.
Embedding Map
Excluding the case c = 1, d 1 = 2, by Lemma 4.12, the restriction Φ| Ft : F t → P n−m is a morphism. In this section, we prove the complete linear system induced by Φ| Ft is a closed embedding. Proposition 7.1. Let λ| Ft be (Φ| Ft )
* O P n−m (1), the complete linear system |λ| Ft | on F t separates points.
Proof. By Lemma 4.16, we know the maps
induce sublinear systems of |λ|. I claim we can separate points by these sub-linear systems. In fact, the claim is equivalent to say
if they satisfy the following properties:
. . , x m ) By Lemma 6.8, the stable maps (C, f, x 1 , . . . , x m ) and (C , f , x 1 , . . . , x m ) have the same degeneration type. So, by Proposition 6.4, these two stable maps
if the curve C or C is smooth (non-degenerate).
In general, by Corollary 5.3, the image curves f (C) and f (C ) are union of a rational normal curve and several lines. The configuration of these lines are uniquely determined by the degeneration type and the tangent directions at those corresponding pointed points. By induction on the number of components of C and C , we get the proposition. Proposition 7.2. With the notations as Proposition 7.1. The complete linear system of λ| Ft separates tangent vectors of F t , i.e, the differential of the map induced by the complete linear system |λ| Ft | is injective. In particular, together with the above proposition, it implies that |λ| Ft | is a closed embedding.
Proof. To prove the complete linear system |λ| Ft | separates the tangents of F t , it is sufficient to prove the sub-linear systems induced by π p1 , π p2 , . . . π pm can separate tangent vectors of F. Namely, it is sufficient to prove the kernal of the differential of π p1 ×π p2 ×. . . , ×π pm is equal to 0, where the map π p1 ×π p2 ×. . . , ×π pm is
By the contangent complex calculation [16] or [10, Page 61], if C is an embedded rational curve of the degree m, then we have that
where N C/X is the normal bundle of C in X and T M0,0(X,m), [C] is the space of first order deformation of the stable map (C, C ⊆ X, p 1 , . . . , p m ).
Since F is smooth, the first order deformation space of a stable map (C, C ⊆ X, p 1 , . . . , p m ) which fixes the p i for all i is the tangent space of F at the point (C, C ⊆ X, p 1 , . . . , p m ). By the argument above, the space of first order deformation of the stable map (C, C ⊆ X, p 1 , . . . , p m ) which preserves the p i is
−p i )), therefore, we have that
where
is the tangent space of F at the point (C, C ⊆ X, p 1 , . . . , p m ). Since we have that
. . , p m ) is the first order deformation space of the stable map (C, C ⊆ X, p 1 , . . . , p m ) which fixes the point p i and the tangent direction at p i for all i. Similarly as (7.1), the first order
−2p i )), therefore, we have that
On the other hand, we have a short exact sequence
Suppose the curve C is smooth, we have that
Since we have a short exact sequence
where C ⊆ P m Span(C). We know that the normal bundle N P m /P n = n−m
and C is a rational normal curve. It implies that
By Corollary 6.3 and m ≥ 3, we know that
Therefore, it concludes that
If the curve C is not smooth, then each component of C is either a rational normal curve or a line. Since a line passing through a fixed point is uniquely determined by the tangent direction, by the above argument, the first order deformation of a rational normal curve C 1 of degree k is trivial if we does not change k general points on C 1 and tangent directions at these points. Therefore, the first order deformation of (C, f, p 1 , . . . , p m ) which preserves points f (x 1 ), . . . , f (x n ) and tangent directions df (T C,x1 ), . . . , df (T C,xn ) is trivial. The assertion follows. Question 7.3. What is the dimension of |λ| Ft |? At this time, even to calculate dimension of |λ| Ft | is still painful. We need more preparation to calculate the dimension.
Cycle Relation
Lemma 8.1. [6, Lemma 5.1] The boundary divisor ∆ of F is a simple normal crossings divisor in F. Definition 8.2. We denote F t ∩ ∆ by ∆ t . For i ∈ {1, 2 . . . , m}, the divisor ∆ i,t (⊆ ∆ t ) is the divisor its general points are parameterizing a degeneration stable map of type whose image is union of a line containing p i and a rational normal curve.
Corollary 8.3. The divisor ∆ t is a simple normal crossing divisor in F t .
Proof. Since t ∈ M 0,m is a general point, the corollary is due to Lemma 8.1 and the generic smoothness theorem. Definition 8.4. Let s, d be two natural numbers. We say a family of homogeneous polynomials of P e is of type I if these polynomials consist of the union of one equation of degree d, s equations of degree 2, s equations of degree 3, . . . ,and s equations of degree d − 1. We denote it by
We call a family of homogeneous polynomials of P e is of type II if the equations consist of the union of one equation of degree d, s equations of degree 1, s equations of degree 2, . . . ,and s equations of degree d − 1. We can denote it by
The union of families of equations means the disjoint union of the two equations belong to these families. Proof. Since the image of σ i is the smooth points of π, we have that
From Definition 4.14 of π pi , we know that the line bundle σ * i T U /F = π * pi O P(Tp i X) (−1), by Lemma 4.16, the equality σ * i T U /F = O(−λ) implies this lemma. Lemma 8.6. Suppose B is a smooth variety and we have the following diagram,
where the map σ 0 associate to a point b ∈ B a point (b, 0) ∈ B × P 1 . Let ∆ be a smooth divisor of B. We denote the image σ 0 (∆) by Z. The total space C is a blow-up of B × P 1 along Z and the blow-up map is Bl. Let σ 0 be the section of q such that Bl · σ 0 = σ 0 , then we have that
(1) The variety C is a smooth variety
where Y is the strict transformation of Z, i.e, Bl −1 (Z) = Y and ω C/B is the relative dualizing sheaf of q Proof. The variety C is smooth since we will get a smooth variety if we blow up a smooth variety along a smooth subvariety. So it is not difficult to see the morphism q is a local complete intersection map, see [9] . By [14] for the definition, the relative dualizing sheaf ω C/B equals to
where K B and K C are canonical bundles of B and C respectively. Since pr 1 ·Bl = q, the relative dualizing sheaf ω C/B can be simplified to
Proposition 8.7. Suppose X is not a quadric hypersurface, the divisor ∆ i,t is linearly equivalent to λ| Ft . In particular, ∆ i,t is an ample divisor on F t .
Proof. Suppose the general point t ∈ M 0,m represents a rational curve C with m pointed points as (0, 1, ∞, t 1 , . . . , t m−3 ). It is obvious that we can can construct the universal family U by blowing up F × P 1 , more precisely, we have the following commutative diagram for U| Ft ,
where σ i associates to a point y ∈ F t a pair (y, i), the index i ∈ {0, 1, ∞, t 1 , . . . , t m−3 }.The map Bl blows up the vareity F t ×P 1 along the subvariety σ i (∆ s(i),t ) where the number s(i) represents the order of i in (0, 1, ∞, t 1 , . . . , t m−3 ).
In particular, we have that Bl(σ i ) = σ i . Since we are going to compare two divisors on a smooth variety F t , we can exclude any codimension 2 subvariety in F t , it does not change the result. Therefore, we can assume ∆ i,t are smooth and disjoint.
Applying Lemma 8.5 and Lemma 8.6, we have that
In fact, the transformation Y i is just supported on
The intersection
is the component of C whose image of f is a line containing p s(i) . Hence, the intersection of the image σ i (F t ) and Y i (scheme theoretically) is ∆ s(i),t . The claim is clear.
Remark 8.8.
There is no such "blow-up" interpretation of U for conics case, i.e, m=2, that is why ,in the paper [23] , we need to use the Grothendieck-R.R theorem to prove a similar result.
Lemma 8.9. Suppose Z is a projective algebraic set in P n and we have that Z = A ∪ B where A and B are closed subsets of Z. We also assume that the subset A does not belong to the subset B, the subset B does not belong to the subset A. For any hypeplane H = P n−1 which does not contain A ∩ B, we have that the intersection H ∩ Z has at least two irreducible components.
Proof. Let A 1 be A ∩ H and B 1 be B ∩ H, since the hypeplane H = P n−1 does not contain A ∩ B, the intersection A 1 has an irreducible component A 2 which is not contained in B, similarly, the subset B has an irreducible component B 2 which is not contained in A. I claim that A 2 and B 2 belong to two different irreducible components of Z ∩ H. Otherwise, there is an irreducible subset K of H ∩ Z containing A 2 and B 2 . Therefore, we have that
It is a contradiction with the fact that the subset K contains A 2 and B 2 .
Corollary 8.10. Suppose Y is the locus in F t corresponding to stable maps of maximal degeneration type in F t , i.e, the image of the stable map is union of m lines which intersect at a point. See the following figure.
If dim Y ≥ 1, then the divisor ∆ i,t is irreducible and the locus Y is a smooth variety. More generally, the intersection
In particular, the intersection
Via the map Φ| Y : Y → P n−m , the variety Y is a complete intersection in P n−m defined by equations of the following type:
Proof. As in the [4, Page 83 (2)], let D be the space of m lines on X with each lines containing exactly one point among the points p 1 , . . . , p m and intersecting at a point is a non-singular complete intersection in P n of type
Suppose a point t ∈ M 0,m represents a smooth rational curve with m pointed points, we denote it by (R, y 1 , . . . , y m ), where R is a rational curve and y i are points on R. For each point u ∈ D, it represents a union of lines l 1 ∪ l 2 ∪ . . . ∪ l m that the point p i ∈ l i and the lines l i intersect at Q, we can canonically associate to it a stable map (C, f, x 1 , . . . , x m ) of maximal degeneration type in F t as following,
(1) the domain C is the disjoint union of R l 1 l 2 . . . l m mod the relations Q(∈ l i ) ∼ y i (2) set the points x i = p i (3) the map f maps l i identically to l i ⊆ X and collapse R to point Q Therefore, we have a morphism
It is easy to check this morphism is bijective. Since Y = ∆ 1,t ∩ ∆ 2,t . . . ∩ ∆ m,t and ψ is surjective, the intersection
Via the embedding map Φ and Proposition 8.7, the divisor ∆ i,t is a hyperplane section. Let ∆ i,t be Z and ∆ j,t be H, we apply Lemma 8.9. Since we already prove the intersections
F t is irreducible for 1 ≤ k ≤ m by Lemma 8.9. In particular, the divisor ∆ i,t is irreducible for all i = 1, 2, . . . , m. Since ∆ t is a simply normal crossing divisor, the variety Y and the intersection k i=1 ∆ i,t are smooth by the argument above. In summary, we have that (1) the morphism ψ is an isomorphism, (2) the maximal degeneration locus Y = D is a smooth complete intersection variety. From (8.2), we know that the locus D, inside the underlying projective space P n , is in the m transversal hyperplanes and denote it by P . To prove the last assertion, we observe the following commutative diagram,
Therefore, the morphism Φ| Y is an inclusion which makes Y be a complete intersection P n−m of type (8.1), i.e, just take out m hyperplanes of the first matrix of (8.2). (1) the variety ∆ is a smooth divisor of a smooth projective variety F, whose the image is in a P n−mc . Moreover, it is a complete intersection of type (9.1)
it is a complete intersection of type of the union of some hyperplanes and types
∆ i,t is a smooth projective variety for 1 ≤ k ≤ m, hence, by Proposition 8.7 , we can apply Proposition 9.1 to
inductively, from k = m to k = 0, where we set
Therefore, the intersection
∆ i,t and F t are complete intersections in P N .
Their complete intersection types are union of some hyperplanes and types of (9.1).
Proposition 9.3. With the same hypothesis as in Proposition 9.2, N = dim |λ| Ft | = n − m(c − 1).
Proof. We define Y k to be by Proposition 8.7, we have the following short exact sequence
We tensor the short exact sequence above with O Y k (1) and take the H i ( ) to get a long sequence as following
the last equality follows from Proposition 9.2.
Theorem 9.4. Let X be a smooth complete intersection in P n of type (d 1 , . . . , d c ), where d i is at least 2, m ≥ 3 and n ≥ m . If X is not a quadric hypersurface and
as in Definition 4.6, we have a line bundle λ| Ft on F t , then the corresponding complete linear system |λ| Ft | defines a map
via this map, the smooth variety F t is a complete intersection in P N of type
Proof. As at the end of the proof of Proposition 9.2, the general fiber F t ⊆ P N is a complete intersection. Its type is union of type (9.1) and s hyperplanes. Since we have 
Therefore, the theorem is clear.
Applications
We have three interesting applications of our main Theorem. The first one is related to rational connectedness of moduli space of rational curves on varieties. It is arising from some arithmetic problems, such as weak approximation (see the introduction of the paper [6] ) and the existence of rational points on the variety over a function field (see the papers [4] and [10] ).
The second application towards to enumerative geometry. We give a proof of a classical formula to count the number of twist cubic curves on a complete intersection (see the paper [2] and [8] ). Moreover, we provide a new formula for counting the number of two crossing conics on a complete intersection.
The third one is to prove the Picard group of the moduli space is finite generated. We also prove the first hodge numbers of F are zero.
Rational Connectedness of Moduli Space
Proposition 10.1. With the hypothesis as in Theorem 9.4, if
Proof. With the notations as in Theorem 9.4, the canonical bundle of the fiber F t is given by
where t ∈ M 0,m is a general point as in Theorem 9.4. The inequality in the hypothesis of the proposition is equivalent to say K Ft is anti-ample. In particular, in this case, the fiber F t is a smooth projective Fano variety, hence, it is rationally connected, see [18, Chapter V] . I claim that the fiber F is rationally connected. In fact, let points p and q be two general points in F such that F (p) and F (q) are general points in M 0,m . Since M 0,m is a smooth projective rational variety, there is a rational curve D in M 0,m connecting F (p) and F (q) such that the fiber of F over a general point D is rationally connected. Therefore, by Corollary 1.3 in [10] , the general fiber F is rationally connected.
Remark 10.2. By [6, Lemma 6.5], it is not hard to prove that the canonical bundle K F is trivial on some rational curve sitting inside the maximal degeneration locus. Therefore, it is not a Fano variety in general.
In M.Deland's thesis [7] , he proves that cubic hypersurfaces in P n are strongly rationally simply connected if n ≥ 9. The following corollary explains why n ≤ 8 it fails to be strongly rationally simply connected. Proof. Note that M 0,m is a point when m = 3, so the proposition is obvious from Theorem 9.4.
Corollary 10.4. Suppose X 3 is a smooth cubic hypersurface in P 8 , then the moduli fiber F for m = 3 is a complete intersection Calabi-Yau 4-fold. Hence, the general fiber F is not rationally connected.
Proof. By Proposition 10.3, we know the fiber F is a complete intersection variety in P 8 of type (2, 2, 2, 3) . By the adjuction formula, we have the canonical bundle of F is trivial since
Enumerative Geometry Suppose a complete intersection variety X is cut out from a complete intersection variety X by n − s general hyperplanes and s ≥ m. We denote the general fibers of evaluation map corresponding to X by F . It is clear that F is cut out from the general fiber F by n − s divisors which are linear equivalent to λ.
If F is just discrete points, i.e, dimF =0, then the number of these points is just the number of rational curves of degree m passing through m general points on X . See the following propositions for more precise statements. 
where d is the degree of X.
Proof. We can assume the variety X is cut out by hyperplanes from a smooth complete intersection Y of type (d 1 , . . . , d r ) and Y ⊆ P e has sufficiently large dimension. The degree of the general fiber F ⊆ P e corresponding to Y has an enumerative geometrical interpretation.
In fact, a point in the P e−3 corresponds to a projective space (P 3 ) in P e containing the plane pqr. More generally, a sub-projective space P k ⊆ P e−3 corresponds to a P k+3 in P e . So if we take a P l ⊆ P e with complementary dimension respect to the fiber F, i.e, l + dim(F) = e, then the number of the intersection points counts the number of twist cubics in the X = P l+3 ∩ Y passing through p, q and r. In other words, the degree(F) is # {twist cubics in X which is passing through three general points p, q and r} By Proposition 10.3, the degree of F is
It completes the proof. Definition 10.6. We call a curve C in a projective space P n is a linking conic if the following conditions are satisfied,
(1) the curve C is a nodal curve with two smooth rational component, i.e,
where C 1 and C 2 are rational curves
See the following figure. 
Proof. As before, we can assume that X is cut out from a smooth complete intersection Y ⊆ P e of type (d 1 , . . . , d r ) by some hyperplanes and the variety Y has sufficiently large dimension. Since m = 4, we have the following diagram I claim that the image of any stable map corresponding to a point in F 0 is a linking conic.
In fact, suppose the stable map (C = C 1 ∨ C 2 , f, x 1 , . . . , x 4 ) corresponds a point P in F 0 . Since the points p i are general, neither the image f (C 1 ) nor f (C 2 ) can not be a line, hence, the images are two conics which meet at least one point. If the intersection of these two conics contains more than one point, then the intersection of Span(f (C 1 )) = P 2 and Span(f (C 2 )) = P 2 contains a line P 1 , therefore, the space Span(f (C)) is a 3 − dim projective space P 3 not P 4 , it is a contradiction with that the map Φ is well-defined on the point P (∈ F). Therefore, the image
e is a linking conic. As in the paper [8, Page 33] using deformation methods, one can prove that the multiplicity of the fiber F 0 of F over 0 is one. See the figure below.
As before, it is easy to see that the degree of λ| F0 (i.e, it is (λ| F0 ) dimF0 ) is equal to 
where, as before, the point t is a general point of M 0,4 . By Theorem 9.4, we know
where d is the degree of X. It completes the proof.
Picard Group of Moduli Space
Lemma 10.8. Consider a morphism h between two smooth varieties A and B over the complex number C h : A → B
Suppose the morphism h is proper and dominant. Let K be the function field of B.
If the following two conditions are satisfied (1) the generic fiber A K of h is geometrical connected, (2) the Picard groups P ic(A K ) and P ic(B) finite generated, then the Picard group P ic(A) is finite generated.
Proof. By EGA IV [12, Corollary 9.7.9] and the generic smoothness theorem, we can choose an open subset U ⊆ B such that (1) the morphism h| h −1 (U ) : h −1 (U ) → U is smooth.
(2) the geometrical fiber h −1 (C(p)) is irreducible for every p ∈ U .
Suppose A − h −1 (U ) is equal to X 1 ∪ X 2 . . . ∪ X k where X i are the irreducible components of A − h −1 (U ). We consider the following pull back
where K is the function field of B and the morphism r is induced by the following diagram,
By the hypothesis (2) of the lemma, we conclude that the image Im(r * ) is finite generated. Suppose L = O X (D) is a line bundle in the kernel of r * , where D is a weil divisor. We assume that the divisor D equals to n i D i where D i are irreducible codimension 1 closed subvariety of F. Since L is in the kernel of r * , it implies that the line bundle L| A K is isomorphic to O A K . Hence, there exists a rational function f in the function field K(A K ) of A K , which is equal to the function field K(X) of X, such that Suppose D j = {q j } where q j is the generic point of D j . We have the following two cases:
(1) Case I: If the point q j is in A − h −1 (U ) = ∪X i , then it implies that the point q j is in some X l . Therefore, the divisor D j is equal to X l for some l.
(2) Case II: If the point q j is in h −1 (U ), then I claim that the codimension of the point h(q j ) is equal to 1. In fact, the codimension of h(q j ) ∈ B is at least 1 since the point h(q j ) is not the generic point of B. In other words, the dimension of the fiber h −1 (h(q j )) is at most dimA−1. Since h −1 (h(q j )) is irreducible (by the second property of the points in U), we have that
Since the morphism h over U is smooth, the codimension of h(p i ) is equal to 1 by dimD j =dimA − 1. In this case, the line bundle O A (D j ) is equal to h * (O B (h(q j )) ∈ h * (P ic(B)).
In summery, the kernel of h is generated by h * (P ic(B)) and O A (X j ) for those X j with codim X X j = 1. Therefore, the Picard group P ic(A) is finite generated. Therefore, the dimension function
is a constant function where s ∈ U (C). In particular,
by [20, Page 48, Corollary 2] . This equality also implies that we can choose homogenous polynomials (F 1 , F 2 , . . . , F c ) defined over K such that ,on the domain V of the coefficients of F i , the fiber Y s of g over a point s ∈ V (C) is a complete intersection in P Proof. The hypothesis (1) of the lemma ensures that the Picard functor is representable by the Picard scheme P ic A/K , see [19, section 5] for the details. Therefore, the Picard group P ic(A) (resp.P ic(A K )) is just the K(resp. K)-points of P ic A/K . In other words, we have that
where the last equality is due to the line bundle L| A K is Gal(K/K) invariant. It completes the proof.
Proposition 10.11. With the hypothesis as in Theorem 9.4, the Picard group of F is finite generated.
Proof. Suppose K is the function field of M 0,m . By Theorem 9.4 and Lemma 10.9, the generic fiber F K of the forgetful map F is a complete intersection and the hypothesis of Theorem 9.4 implies that dimF K is at least 3. By the equality
the Picard group P ic(F K ) is Z[λ K ] = Z by Lemma 10.10 where we have that
If we take F = A and M 0,m = B in Lemma 10.8, then we have (1) the Picard group Pic(F) is finite generated.
(2) the restriction morphism r * : P ic(F) → P ic(F K ) is surjective.
It completes the proof.
Corollary 10.12. With the hypothesis as in Theorem 9.4, the first hodge numbers h 1,0 (F) = h 0,1 (F) of F are all vanished.
Proof. We suppose that P ic o (F) is the connected component of the Picard scheme P ic(F) containing the trivial bundle. The scheme P ic o (F) is a group scheme of finite type over C. By the paper [20, Theorem Page 95], the scheme P ic o (F) is smooth over C. By Proposition 10.11, we have that P ic o (F) is just a reduced point, i.e, it is isomorphic to Spec(C). By the paper [16] , the first order deformation space of the trivial bundle is given by H 1 (F, O F ), and this space is just the tangent space of P ic o (F). Therefore, we have
where Proof. By the result (2) at the end of the proof of Proposition 10.11, we have a surjection as following
where F K is the generic fiber of the forgetful map F . It is easy to check the image of the pull back F * F * : P ic(M 0,m ) → P ic(F)
is in the kernel of h. By Lemma 4.9, we have the following splitting of F * σ * : P ic(F) → P ic(M 0,m ), where σ is a section of F as in Lemma 4.9. Therefore, the map F * is injective and P ic(M 0,m ) is a summand of P ic(F). It completes the proof.
Corollary 10.14. With the hypothesis as in Theorem 9.4, the smooth variety F is not a complete intersection variety if m ≥ 4.
Proof. Since the hypothesis in the Theorem 9.4 implies that the dimension of F is at least 4, the Picard number of F is one if F is a complete intersection, see [11, Page 178] for the details. By Corollary 10.13, the Picard number of F is at least 2 if m ≥ 4. It completes the proof.
